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Why KLDA is So Important

Abstract
Kernel Linear Discriminant Analysis (KLDA) is a
classiﬁcation and dimensionality reduction
technique whose eﬀectiveness has been well
demonstrated. However, a proof for the success
of the algorithm has been absent from the
literature until now. A proof for the successful
separation of training data by class in the
projected feature space is provided in this work.

KLDA Notation

Example: MORPH-II Age Classiﬁcation

• Powerful classiﬁcation technique
• Powerful dimensionality reduction technique
• Can successfully separate non-linearly separable
data
Figure:
Linearly-inseparable
dataset

• Performance has been validated by empirical
studies and applications in many ﬁelds

Figure: KLDA successfully
separates the classes

Theorem

• c: number of classes

The KLDA algorithm separates the training data by returning exactly c − 1 vectors of projections in
feature space such that in each vector, every two elements in the same class are identical, and for any
pair of classes, there is at least one vector in which the projections of the two classes are diﬀerent.

• ℓ: total number of training data
• α: an ℓ × 1 vector containing weights
• 𝛽 = K𝛼: an ℓ × 1 vector, used for prediction

Proof

• J, B: matrices appearing in the KLDA
optimization problem

−1

• The KLDA algorithm can be transformed into solving the eigenvalue problem J̃ B𝛽 = J (𝛽)𝛽
−1

• J̃: an approximation of J
• ri·: the sum of elements in the ith row of J̃
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• β̄: the average value of all elements in 𝛽
k

• As J̃ is full rank, the rank of J̃ B is equal to the rank of B
−1

• It can be shown that the rank of B is exactly c − 1 and thus J̃ B has c − 1 independent eigenvectors
• For every row i in the generalized eigenvalue problem belonging to class q, ri· · (β̄q − β̄) = βi

• β̄ : the average value of all elements in 𝛽
belonging to class k

• It can be shown that every row sum within one class is equal, so every 𝛽 i within one class is equal

• k(·, ·): the kernel function, chosen by user

• It can be shown that every 𝛽 has elements which sum to zero

• K: a matrix with k(xi, xj) as its i, jth element

KLDA Algorithm
The KLDA algorithm maximizes the ratio of
between-class variation and total within-class
variation. The solution is the solution to the
generalized eigenvalue problem:
B𝛽 = J (𝛽)J𝛽 .
Once a set of 𝛽 is calculated, then the projection
of a query point xq on any 𝛽 can be obtained by:
−1

yq = K qK 𝛽
where K q is a 1 × ℓ vector whose ith element is
k(xi, xq).

• Then 𝛽 is in a space spanned by c orthogonal vectors
• If there is a pair of classes for which there is no 𝛽 which distinguishes elements from that pair, then
the c − 1 independent 𝛽 must be linear combinations of c − 1 independent vectors. This is impossible,
because the vector of all ones is one such linear combination which is independent with all 𝛽.

B, J, and J̃ B have Useful Properties
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dominant block matrix

When KLDA is applied,
the 2 eigenvectors are
as shown to the right.
As expected, elements
corresponding
to the same class have
Figure: 2 Eigenvectors (blue,
identical values in each
dark blue). Horizontal axis:
vector, and elements element number. Vertical
in diﬀerent classes
axis: value.
have diﬀerent values.
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B, J, and J̃ B are all block matrices
whose block layout corresponds to
the number of training data points
in each class. In this example, B, J,
−1
and J̃ B are shown in the 4-class
case with 4, 3, 4, and 3 subjects in
Figure: B is a diagonal
each class, respectively.

KLDA is applied
to a sample of 1000
face images from the
MORPH-II dataset[1].
Consider three age
Figure: MORPH-II Data, split groups: 0-25, 26-50,
by color into three classes
and 51+. Each image is
converted into a 2568
length vector using "Bio-Inspired Features"[2].
Projection of data onto a random plane
suggests no diﬀerence in the distribution of
data points by class.
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Figure: J is a block diagonal Figure: J̃ B is a diagonal
matrix
dominant block matrix
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